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Abstract
This article introduces and advances the basic theory of “uniformly primary ideals” for commutative rings, a concept that
imposes a certain boundedness condition on the usual notion of “primary ideal”. Characterizations of uniformly primary ideals are
provided along with examples that give the theory independent value. Applications are also provided in contexts that are relevant
to Noetherian rings.
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1. Introduction
Throughout this article, all rings are commutative with 1 6= 0. In addition, all ring homomorphisms (including
all inclusions) are unital, and all indeterminates within a specified collection are algebraically independent over the
given base ring. During the past forty years of the development of multiplicative ideal theory, the notion of a “strongly
Laskerian ring” has gained notoriety as a way of abstracting the type of primary decompositions found in Noetherian
rings. By definition, a ring R is called strongly Laskerian if each ideal of R admits a primary decomposition in R all
of whose components are strongly primary, that is, all of whose components are primary ideals that contain a power
of their respective radicals (see [2, Exercises 27 and 28, p. 298] and [6, Exercise 5, p. 455]). Amongst those who
have successfully utilized strongly Laskerian rings to extend certain results beyond the class of Noetherian rings, we
mention here Furuya [5] and Visweswaran [12]. Recently, Fuchs, Heinzer, and Olberding [4] have conducted a more
general investigation into these matters to discover, in particular, the existence of a canonical primal decomposition
of an ideal in an arbitrary commutative ring. Motivated then by the success of such studies concerning variants on the
concept of “primary ideal”, we introduce here an analogy to the aforementioned notion of “strongly primary ideal” at
the level of elements of a ring and term the corresponding ideals “uniformly primary ideals”. This article is devoted
to advancing the basic theory of uniformly primary ideals.
Beginning in Section 2, we focus on giving the notion of “uniformly primary ideals” independent value by
distinguishing it from other types of ideals that are based upon a strengthening of the concept of “primary ideal”.
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While Proposition 3 reveals a connection with one such type of ideal, Examples 6, 7 and 13 demonstrate that no
equivalences exist, in general, along these lines. We also provide two important characterizations of uniformly primary
ideals in Proposition 8 and Theorem 10, and we give results in Corollaries 5 and 11 that yield examples of uniformly
primary ideals with a specific so-called order. In Section 3, our aim is to develop some basic algebraic properties
of uniformly primary ideals. Towards this end, Proposition 14 and Theorem 15 provide characteristics of special
collections of uniformly primary ideals that share a common radical. On the other hand, Proposition 16 along with
Corollaries 17–19 give relationships between the orders of uniformly primary ideals that are associated to each other
by way of a ring homomorphism. Finally, Section 4 is dedicated to examining uniformly primary ideals in contexts
that are relevant to Noetherian rings. In particular, Proposition 21 shows that the finite generation of the radical of a
primary ideal guarantees that the primary ideal is a uniformly primary ideal. Moreover, the main result in this section,
Theorem 26, provides definitive information for a special type of primary ideal in the case where the radical of the
primary ideal can be generated by a regular sequence.
We mention here that, throughout this article, Q denotes the set of rational numbers. In addition, if I is an ideal of
the (commutative) ring R, then the radical of I is given by rad(I ) = {r ∈ R | rn ∈ I for some positive integer n}.
2. Characterizations of uniformly primary ideals
We begin with the key definition of this article.
Definition 1. A proper ideal Q of the commutative ring R is uniformly primary if there exists a positive integer n
such that whenever r, s ∈ R satisfy rs ∈ Q and r 6∈ Q, then sn ∈ Q. We say that a uniformly primary ideal Q has
order N and write ordR(Q) = N , or simply ord(Q) = N if the ring R is understood, if N is the smallest positive
integer for which the aforementioned property holds.
For the sake of comparison, we introduce terminology in Definition 2 so that we may distinguish between
the two inequivalent historical notions of “strongly primary ideal” for general (commutative) rings. Based on our
investigations into this matter, we believe that the attribution connected with each notion of “strongly primary ideal”
is appropriate.
Definition 2. Let R be a commutative ring, and let Q be a P-primary ideal of R.
(a) We call Q a Noether strongly primary ideal if Pn ⊆ Q for some positive integer n. Following [2], if Q is a Noether
strongly primary ideal, then we call the smallest positive integer N for which PN ⊆ Q the exponent of Q and write
eR(Q) = N , or simply e(Q) = N if the ring R is understood.
(b) We call Q a Mori strongly primary ideal if there exists r ∈ R \ Q such that r P ⊆ Q (see [11]).
A Noether strongly primary ideal is a Mori strongly primary ideal in an arbitrary (commutative) ring R. For let
Q be a Noether strongly P-primary ideal of the ring R with e(Q) = N . Choose then r ∈ PN−1 \ Q. It follows that
r P ⊆ PN ⊆ Q, and so Q is a Mori strongly primary ideal of R. However, there exists a Mori strongly primary
ideal that is not a Noether strongly primary ideal. For example, let K be a field, and let X = {X1, X2, X3, . . .}
be a set of indeterminates over K . Consider the P-primary ideal Q = ({X2i }∞i=1, {X1X i }∞i=2)K [X ] of K [X ], where
P = XK [X ]. Clearly, X1 is an element in K [X ] \ Q such that X1P ⊆ Q. However, for each positive integer n,
we have that X2X3 . . . Xn+1 ∈ Pn \ Q. Therefore, Q is a Mori strongly primary ideal that is not a Noether strongly
primary ideal. However, it is well-known that every primary ideal in a Noetherian ring is a Noether strongly primary
ideal, and so the concepts are equivalent in the class of Noetherian rings.
It is natural then to consider how the concept of “uniformly primary ideal” compares with the notions of “Noether
strongly primary ideal” and “Mori strongly primary ideal”, respectively. Along these lines, we have the following
proposition.
Proposition 3. Let Q be a Noether strongly P-primary ideal of the ring R. Then Q is a uniformly P-primary ideal of
R. Moreover, ord(Q) ≤ e(Q).
Proof. Let Q be a Noether strongly P-primary ideal of R. Suppose r, s ∈ R such that rs ∈ Q and r 6∈ Q. Then
s ∈ P , whence se(Q) ∈ Pe(Q) ⊆ Q. Thus, Q is a uniformly P-primary ideal of R with ord(Q) ≤ e(Q). 
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By considering the most elementary type of Noether strongly primary ideal, namely, ideals of the form Pn , where
P is a prime ideal and n is a positive integer such that Pn is a primary ideal, we have the following immediate corollary
of Proposition 3.
Corollary 4. Let P be a prime ideal of the ring R. If Pn is a primary ideal of R, where n is a positive integer, then
Pn is a uniformly primary ideal of R of order at most n. In particular, if P is a maximal ideal of the ring R, then,
for each positive integer n, the ideal Pn is a uniformly primary ideal of R of order at most n (cf. [1, Proposition 4.2,
p. 51]).
In general, the order of the primary ideal Pn given in Corollary 4 may be strictly smaller than n. Consider, for
example, a valuation domain V whose maximal ideal M is not a principal ideal of V . Then it is well-known that
M2 = M , and so the order of Mn is 1 for any positive integer n. However, Corollary 5 gives a context in which the
order of the primary ideal Pn is exactly n.
Corollary 5. Let R be a ring with no nonzero nilpotent elements, and let X = {X i }i∈I be a set of indeterminates
over R indexed by the set I . Let P be a nonzero prime ideal of R[X ] that is generated by polynomials each of which
has zero constant term. Let n be a positive integer such that Pn is a primary ideal of R[X ]. Then Pn is a uniformly
primary ideal of R[X ] of order n.
Proof. Let d be the minimal degree of a monomial term of a nonzero polynomial in P (so, d ≥ 1 by hypothesis).
Since Pn consists of all finite sums of n-fold products of polynomials in P , it follows that each monomial term of
a nonzero polynomial in Pn has degree at least nd . Choose f ∈ P such that f has a monomial term of degree
d . Then f n−1 f ∈ Pn , but f n−1 6∈ Pn , as R having no nonzero nilpotent elements guarantees that f n−1 has a
monomial term of degree (n−1)d < nd . Combined with Corollary 4, this shows that Pn is uniformly primary of order
exactly n. 
We pause here to note that the hypothesis that Pn is a primary ideal is necessary in both Corollaries 4 and 5. In
particular, Kunz provides an example [10, Exercise 2, p. 148] of a prime ideal P of the polynomial ring K [X, Y, Z ]
over the field K such that Pn is not a primary ideal of K [X, Y, Z ] for any n > 1. Nevertheless, we provide a context
in Theorem 26 for which this hypothesis may be removed and a stronger conclusion than that of Corollary 4 holds.
Example 6 below shows that Proposition 3 is best possible, in the sense that there is a Noether strongly primary
ideal Q with ord(Q) < e(Q). In addition, Example 7 reveals that there is a uniformly primary ideal that is not a Mori
strongly primary ideal, and, hence, there is a uniformly primary ideal that is not a Noether strongly primary ideal. It
is also the case that there exists a Mori strongly primary ideal that is not a uniformly primary ideal (see Example 13),
the verification of which we withhold until after Theorem 10.
Example 6. There exists a Noether strongly primary ideal Q of a ring T with ord(Q) < e(Q). It may be further
arranged that T is a Noetherian domain. Let R be a ring of characteristic 2, and put T = R[X1, X2, . . . , Xn], where
n ≥ 2 and X1, X2, . . . , Xn are indeterminates over R. Put Q = (X21, X22, . . . , X2n)T , and note that Q is a P-primary
ideal of T , where P = (X1, X2, . . . , Xn)T . Since X1X2 . . . Xn ∈ Pn \Q and, clearly, Pn+1 ⊆ Q, it follows that Q is
a Noether strongly P-primary ideal of T with e(Q) = n+ 1. However, since Q 6= P and f 2 ∈ Q for each f ∈ P , we
have that ord(Q) = 2. Furthermore, by taking R to be a Noetherian domain, T may be arranged to be a Noetherian
domain.
Example 7. There exists a uniformly primary ideal that is not a Mori strongly primary ideal, and, hence, there exists
a uniformly primary ideal that is not a Noether strongly primary ideal. Let R be a ring of characteristic 2, and put
T = R[X ], where X = {X1, X2, X3, . . .} is a set of indeterminates over R. Put Q = ({X2i }∞i=1)T , and note that Q is
a P-primary ideal of T , where P = (X)T . Following the same reasoning as in Example 6, Q is a uniformly primary
ideal of T of order 2. However, since X i1X i2 . . . X in 6∈ Q for any distinct positive integers i1, i2, . . . , in , it follows that
there is no r ∈ R \ Q such that r P ⊆ Q. Hence, Q is not a Mori strongly primary ideal of T .
Proposition 8 provides a useful characterization of uniformly primary ideals.
Proposition 8. Let R be a ring. Then Q is a uniformly P-primary ideal of R if and only if each of the following two
conditions holds:
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(1) Q is a P-primary ideal of R, and
(2) there exists a positive integer n such that P = {r ∈ R | rn ∈ Q}.
Moreover, ord(Q) = N if and only if N is the smallest positive integer for which condition (2) holds.
Proof. (⇒) Suppose Q is a uniformly P-primary ideal of R of order N . Then condition (1) is trivially satisfied. Let
r ∈ P . Then there exists some positive integer m such that rm−1r = rm ∈ Q, but rm−1 6∈ Q. However, since Q
has order N , it follows that r N ∈ Q, and so condition (2) is established.
(⇐) Suppose conditions (1) and (2). Let r, s ∈ R such that rs ∈ Q and r 6∈ Q. By condition (1), s ∈ P . However,
condition (2) provides for a positive integer n, independent of s, such that sn ∈ Q. Therefore, Q is a uniformly
primary ideal of R.
For the proof of the “moreover” statement, note that the proof of the “only if” statement above establishes that the
smallest positive integer for which condition (2) holds is less than or equal to the order of Q, while the proof of the
“if” statement above establishes that the order of Q is less than or equal to the smallest positive integer for which
condition (2) holds. Hence, the “moreover” statement follows. 
We next turn our attention to providing a general context for which the concepts of “uniformly primary ideal” and
“Noether strongly primary ideal” are, in fact, equivalent. Our main result along these lines is given in Theorem 10.
We first establish a technical result in Lemma 9.
Lemma 9. Let R be a ring, let n be a positive integer such that n ≥ 2, and let r1, r2, . . . , rn be elements of R. Then
n!r1r2 . . . rn = (r1 + r2 + · · · + rn)n −
∑
1≤i≤n
(r1 + r2 + · · · + rn − ri )n
+
∑
1≤i1<i2≤n
(r1 + r2 + · · · + rn − ri1 − ri2)n − · · · + (−1)n+1
∑
1≤i≤n
rni .
Proof. Let (n!/j1! j2! . . . jn !)r j11 r j22 . . . r jnn be an arbitrary term in the multinomial expansion of (r1 + r2 + · · · + rn)n ,
where the ji ’s are nonnegative integers such that
∑n
i=1 ji = n. Suppose that precisely m (0 ≤ m ≤ n − 1) of these
ji ’s are 0. Then this term appears exactly
(m
k
)
times in the expression∑
1≤i1<i2<···<ik≤n
(r1 + r2 + · · · + rn − ri1 − ri2 − · · · − rik )n,
where k = 0, 1, 2, . . . , n − 1 (by convention, we take (mk ) = 0 if m < k). Therefore, if m > 0, then this term
appears
∑n−1
k=0(−1)k
(m
k
) = 0 times as a term on the right-hand side of the above equation. The desired equality now
follows. 
Theorem 10. Let R be a Q-algebra. Then Q is a uniformly P-primary ideal of R of order N if and only if Q is a
Noether strongly P-primary ideal of R of exponent N.
Proof. (⇒) Suppose that Q is a uniformly P-primary ideal of R of order N . Since the result trivially follows in
the case where N = 1, we may assume that N ≥ 2. Note that, by Proposition 8, there exists r ∈ P such
that r N ∈ Q, but r N−1 6∈ Q. Thus, r N−1 ∈ PN−1 \ Q, and so PN−1 6⊆ Q. It remains then to show that
PN ⊆ Q. Let r1, r2, . . . , rN ∈ P . Since R is a Q-algebra, it follows from Lemma 9 that the product r1r2 . . . rN
can be expressed as a unit of R times a sum of N th powers of elements of P . However, this means that the
product r1r2 . . . rN is an element of Q. Since each element of PN is a finite sum of such products, it follows that
PN ⊆ Q, as desired.
(⇐) Suppose that Q is a Noether strongly P-primary ideal of R of exponent N . By Proposition 3, Q is a uniformly
P-primary ideal of R with ord(Q) ≤ N . However, the same reasoning as in the proof of the “only if” statement
above establishes that the order of Q cannot be strictly less than N ; for otherwise PN−1 ⊆ Q, a contradiction to
the fact that the exponent of Q is N . Therefore, ord(Q) = N . 
Corollaries 11 and 12 give some consequences of the equivalence of “uniformly primary ideals” and “Noether
strongly primary ideals” for Q-algebras. In particular, Corollary 11 yields numerous examples of uniformly primary
ideals with a specific order. As well, we remark that rings for which 0 is a primary ideal, mentioned in Corollary 12,
were valuable in the studies of “going-down rings” and “quasi-going-up rings” conducted in [3] and [8], respectively.
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Corollary 11. Let R be a Q-algebra, and let X = {X1, X2, . . . , Xn} be a set of indeterminates over R. Let
i1, i2, . . . , im be distinct integers from the set {1, 2, . . . , n}, and let d1, d2, . . . , dm be positive integers. Then
Q = (Xd1i1 , X
d2
i2
, . . . , Xdmim )R[X ]
is a uniformly primary ideal of R[X ] of order (∑mi=1 di )− m + 1.
Proof. It is clear that the ideal Q given in the statement of the corollary is a primary ideal of R[X ]. Moreover, by
the multinomial theorem, Q is a Noether strongly primary ideal of R[X ] such that e(Q) = ∑mi=1(di − 1) + 1 =(∑m
i=1 di
) − m + 1. Therefore, by Theorem 10, Q is a uniformly primary ideal of R[X ] of order (∑mi=1 di ) −
m + 1. 
Corollary 12. Let R be aQ-algebra, and let Q be a P-primary ideal of R. Then Q is a uniformly P-primary ideal of
R if and only if P/Q is a nilpotent ideal of R/Q. In particular, if 0 is a P-primary ideal of R, then 0 is a uniformly
P-primary ideal of R if and only if P is a nilpotent ideal of R.
We conclude this section with the promised example of a Mori strongly primary ideal that is not a uniformly
primary ideal.
Example 13. There is a Mori strongly primary ideal that is not a uniformly primary ideal. Let K be a field that is a
Q-algebra, and let X = {X1, X2, X3, . . .} be a set of indeterminates over K . As discussed at the beginning of this
section, Q = ({X2i }∞i=1, {X1X i }∞i=2)K [X ] is a Mori strongly primary ideal of K [X ] that is not a Noether strongly
primary ideal of K [X ]. Therefore, by Theorem 10, Q is a Mori strongly primary ideal that is not a uniformly primary
ideal.
3. Properties of uniformly primary ideals
In this section, we establish some elementary properties of uniformly primary ideals. The first such property, given
in Proposition 14, allows for the comparison of the orders of the elements of a chain of uniformly primary ideals that
share a common radical.
Proposition 14. Let Q1 ⊆ Q2 be uniformly P-primary ideals of the ring R. Then ord(Q1) ≥ ord(Q2).
Proof. Putm = ord(Q1) and n = ord(Q2). Then there exist elements r, s ∈ R such that rs ∈ Q2, r 6∈ Q2, sn−1 6∈ Q2,
and sn ∈ Q2. However, then s ∈ P = rad(Q1), whence sm ∈ Q1 ⊆ Q2. Therefore, m > n − 1, and so m ≥ n. 
We pause here to remark that it is possible for uniformly P-primary ideals Q1 and Q2 of the ring R to be such
that Q1 $ Q2 and ord(Q1) = ord(Q2). For example, let K be a field, and let X and Y be indeterminates over K . Put
R = K [X, Y ]. Then (X2, XY, Y 2)R $ (X2, Y )R are uniformly (X, Y )R-primary ideals of R each with order 2 (see
Corollary 5). Therefore, order does not necessarily distinguish between the elements of a chain of uniformly primary
ideals.
It is well-known that a finite intersection of P-primary ideals is again a P-primary ideal (see, amongst others, [1,
Lemma 4.3, p. 51]). Theorem 15 reveals that, in the case where a set of uniformly P-primary ideals has bounded
order, arbitrary intersections of elements of such a collection produce a (uniformly) P-primary ideal.
Theorem 15. Let I be an indexing set, and let {Qi }i∈I be a collection of uniformly P-primary ideals of the ring R
such that maxi∈I {ord(Qi )} = N, where N is a positive integer. Then ∩i∈I Qi is a uniformly P-primary ideal of R of
order N.
Proof. Put Q = ∩i∈I Qi . Clearly, rad(Q) = ∩i∈I rad(Qi ) = P and P = {r ∈ R | r N ∈ Q}. Now, let r, s ∈ R such
that rs ∈ Q and r 6∈ Q. Then there exists k ∈ I such that rs ∈ Qk and r 6∈ Qk . Then s ∈ P , whence sN ∈ Q.
Therefore, Q is uniformly P-primary of order at most N . Now, let Q j ∈ {Qi }i∈I be a uniformly P-primary ideal of
order N . Then, by Proposition 8, N is the smallest positive integer such that P = {r ∈ R | r N ∈ Q j }. Thus, there
exists r ∈ P such that r N−1 6∈ Q j , whence r N−1 6∈ Q. Therefore, Q must have order N . 
We turn our attention in the remainder of this section to certain correspondence-type results between uniformly
primary ideals of related rings. The essential fact in this study is given in Proposition 16.
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Proposition 16. Let φ: R → T be a ring homomorphism, and let Q be a uniformly P-primary ideal of T . Then
φ−1(Q) is a uniformly φ−1(P)-primary ideal of R with ordR(φ−1(Q)) ≤ ordT (Q).
Proof. It is straightforward to verify that if Q is a P-primary ideal of T , then φ−1(Q) is a φ−1(P)-primary ideal
of R. Moreover, if Q is a uniformly P-primary ideal of T and N = ordT (Q), then Proposition 8 asserts that
P = {t ∈ T | tN ∈ Q}. Thus, φ−1(P) = {r ∈ R | r N ∈ φ−1(Q)}, and so we have that φ−1(Q) is a uniformly
φ−1(P)-primary ideal of R with ordR(φ−1(Q)) ≤ ordT (Q). 
Unfortunately, the inequality between the orders in Proposition 16 cannot be replaced with equality even in
extremely “nice” circumstances, as Example 20 below illustrates. Nevertheless, Corollaries 17–19 make effective
use of Proposition 16 to provide definitive information in many fundamental contexts.
Corollary 17. Let S be a multiplicatively closed subset of the ring R such that S does not contain 0 or any zero-
divisors of R. Let Q be a P-primary ideal of R such that Q ∩ S = ∅. Then Q is a uniformly P-primary ideal of R
of order N if and only if QRS is a uniformly PRS-primary ideal of RS of order N.
Proof. Suppose that QRS is a uniformly PRS-primary ideal of RS of order N . Since Q is a primary ideal of R, it
follows that QRS ∩ R = Q, whence Q is a uniformly primary ideal of R of order at most N by Proposition 16. Since
ord(QRS) = N , there exists x ∈ PRS such that xN−1 6∈ QRS by Proposition 8. Put x = p/s for some p ∈ P and
s ∈ S. Then pN−1 6∈ Q. Therefore, ord(Q) = N .
Conversely, suppose that Q is a uniformly P-primary ideal of R of order N . Then it is straightforward to verify
that QRS is a uniformly PRS-primary ideal of RS . Moreover, by the proof of the “if” statement above, it must be the
case that ord(QRS) = ord(Q) = N . 
Corollary 18. Let I be an ideal of the ring R, and let Q be an ideal of R containing I . Then Q is a uniformly
P-primary ideal of R of order N if and only if Q/I is a uniformly P/I -primary ideal of R/I of order N.
Proof. Suppose that Q/I is a uniformly P/I -primary ideal of R/I of order N . By Proposition 16, Q is a uniformly
P-primary ideal of R of order at most N . By Proposition 8, there exists r + I ∈ P/I such that (r + I )N−1 6∈ Q/I .
Thus, r ∈ P such that r N−1 6∈ Q, and so the order of Q must be N .
Conversely, suppose that Q is a uniformly P-primary ideal of R of order N . Then it is straightforward to verify
that Q/I is a uniformly P/I -primary ideal of R/I . Moreover, by the proof of the “if” statement above, it must be the
case that ord(Q/I ) = ord(Q) = N . 
Corollary 19. Let R be a ring, Q an ideal of R, and X = {X i }i∈I a collection of indeterminates over R indexed by
the set I .
(a) If QR[X ] is a uniformly primary ideal of R[X ], then Q is a uniformly primary ideal of R with ord(Q) ≤
ord(QR[X ]).
(b) If R is aQ-algebra and Q is a uniformly P-primary ideal of R, then QR[X ] is a uniformly PR[X ]-primary ideal
of R[X ] with ord(QR[X ]) = ord(Q).
Proof. Part (a) follows from an immediate application of Proposition 16. To prove part (b), suppose that R is a
Q-algebra and Q is a uniformly P-primary ideal of R of order N . Since the result is clearly true if N = 1
(for, in such a case, Q and QR[X ] are prime ideals of the rings R and R[X ], respectively), we may assume that
N ≥ 2. It is straightforward to verify that QR[X ] is a PR[X ]-primary ideal of R[X ] (note that any relevant
computations regarding elements of R[X ] involve only finitely many indeterminates from the collection {X i }i∈I ).
Now let p(X) ∈ PR[X ]. Since R is a Q-algebra, Lemma 9 guarantees that each coefficient in the multinomial
expansion of p(X)N is an element of Q. Thus, p(X)N ∈ QR[X ], and so, by Proposition 8, QR[X ] is a uniformly
primary ideal with ord(QR[X ]) ≤ N . However, applying part (a) gives that ord(QR[X ]) = N . 
Example 20. There exists a ring homomorphism φ : R → T and a uniformly primary ideal Q of T such that
ordR(φ−1(Q)) < ordT (Q). It may be further arranged that the ring homomorphism φ : R → T is an inclusion
of domains such that T is an integral extension of R and T is contained in the quotient field of R. Let n be a
positive integer such that n > 1, K a field, and X an indeterminate over K . Consider the integral overring extension
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K [Xn, Xn+1] ⊆ K [X ]. It is straightforward to verify then that the uniformly primary ideal (Xn)K [X ] of K [X ]
of order n contracts to the ideal (Xn, Xn+1)K [Xn, Xn+1] of K [Xn, Xn+1]. However, (Xn, Xn+1)K [Xn, Xn+1] is a
prime ideal of K [Xn, Xn+1] and, hence, a uniformly primary ideal of order 1.
4. Uniformly primary ideals with finitely generated radicals
In this final section, we make contact with the situation in Noetherian rings; specifically, we consider here the case
where the radical of a primary ideal is finitely generated. Along these lines, we first provide the well-known fact that
any such primary ideal is a Noether strongly primary ideal in Proposition 21. As a corollary, we see that the notion
of “uniformly primary ideal” is equivalent to the (equivalent) notions of “Noether strongly primary ideal”, “Mori
strongly primary ideal”, and “primary ideal” for Noetherian rings.
Proposition 21. Let Q be a P-primary ideal of the ring R. If P is finitely generated as an ideal of R, then Q is a
Noether strongly primary ideal of R and, hence, a uniformly primary ideal of R.
Proof. Let Q be a P-primary ideal of the ring R, where P is a finitely generated ideal of R. Choose s1, s2, . . . , sm ∈ R
such that P = (s1, s2, . . . , sm)R. For each i = 1, 2 . . . ,m, let ki be a positive integer such that skii ∈ Q. Put
N = ∑mi=1(ki − 1) + 1. Note that PN can be generated by the set of all elements of the form s j11 s j22 · · · s jmm , where
each ji is a nonnegative integer and
∑m
i=1 ji = N . However, by the choice of N , each such element is an element of
Q. Thus, PN ⊆ Q, and so Q is a Noether strongly primary ideal of R. Proposition 3 then guarantees that Q is then a
uniformly primary ideal of R with ord(Q) ≤ N . 
Corollary 22. Let R be a Noetherian ring and Q an ideal of R. Then the following are equivalent:
(1) Q is a uniformly primary ideal of R;
(2) Q is a Noether strongly primary ideal of R;
(3) Q is a Mori strongly primary ideal of R;
(4) Q is a primary ideal of R.
We remark here that by combining Proposition 3 with the fact that every Noether strongly primary ideal is a Mori
strongly primary ideal, it follows that the equivalences given in Corollary 22 actually hold true more generally for
strongly Laskerian rings.
It also bears noting that if the radical of a primary ideal is finitely generated, it need not be the case that the primary
ideal itself is finitely generated; see [7, Example 2.4]. In addition, Example 23 reveals that a finitely generated primary
ideal need not be uniformly primary. Thus, by Proposition 21, a finitely generated primary ideal need not have a finitely
generated radical.
Example 23. There exists a finitely generated primary ideal that is not uniformly primary. It may be further arranged
that the primary ideal is a principal ideal in a one-dimensional valuation domain. Let K be a field that is a Q-algebra,
and let X = {Xg | g ∈ Q} be a set of indeterminates over K indexed by the rational numbers. Let V be the valuation
domain on the quotient field of K [X ] generated from the valuation that is induced by the assignments Xg 7→ g for
each g ∈ Q and a 7→ 0 for each 0 6= a ∈ K . Consider then the principal primary ideal Q = (X1)V of V . Since V
is one-dimensional and the unique maximal ideal M of V satisfies the property M2 = M , it follows that Q is not a
Noether strongly primary ideal. Therefore, by Theorem 10, Q cannot be a uniformly primary ideal of V .
Remark 24. In light of Example 23, it is worth observing that in a unique factorization domain (UFD), every principal
primary ideal is clearly generated by a power of a prime element. Hence, by Proposition 21, every principal primary
ideal is uniformly primary in a UFD. We also observe that if R is a Noetherian ring, X = {X i }i∈I a collection of
indeterminates over R indexed by the set I , and Q a finitely generated primary ideal of R[X ], then a direct application
of Proposition 21 gives that Q is a uniformly primary ideal of R[X ].
We now turn our attention to further specializing the theme of this section to the case where the radical of a
primary ideal can be generated by a regular sequence. Our main result along these lines, Theorem 26, demonstrates
that Corollary 4 can be sharpened considerably in this context. We first provide a lemma due to Hochster.
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Lemma 25 (Hochster [9, (2.1), p. 57]). Let R be a domain and P a prime ideal of R that can be generated by a
regular sequence of R. Then, for each positive integer n, the ideal Pn is a primary ideal of R.
Theorem 26. Let R be a domain and P a prime ideal of R that can be generated by a regular sequence of R. Then,
for each positive integer n, the ideal Pn is a uniformly primary ideal of R of order n.
Proof. Let n be a positive integer, and let P be a prime ideal of R that can be generated by a regular sequence of R.
By Corollary 4 and Lemma 25, it is sufficient to produce an element r ∈ P such that rn−1 6∈ Pn . Let s1, s2, . . . , sm be
a regular sequence of R such that P = (s1, s2, . . . , sm)R. Suppose that skm is an element of Pn , where 1 ≤ k ≤ n− 1.
Then, since Pn can be generated by the set of all elements of the form s j11 s
j2
2 . . . s
jm
m , where each ji is a nonnegative
integer and
∑m
i=1 ji = n, we have that
skm =
∑
r j1, j2,..., jm s
j1
1 s
j2
2 . . . s
jm
m
for some r j1, j2,..., jm ∈ R, where the sum is taken over all m-tuples ( j1, j2, . . . , jm) such that each ji is a nonnegative
integer and
∑m
i=1 ji = n. However, then skm(1 − r0,0,...,0,nsn−km ) = skm − r0,0,...,0,nsnm is an element of the ideal
I = (s1, s2, . . . , sm−1)R. But, since sm is a non-zero-divisor in R/I , this means that the element 1 − r0,0,...,0,nsn−km
is in I , whence 1 is an element of P . However, this contradicts the fact that P is a proper ideal of R. Therefore, in
particular, sn−1m 6∈ Pn , and so we may take r = sm , to complete the proof. 
We conclude this article with some comments about the geometric significance of the concepts of “exponent” and
“order”.
Remark 27. (a) Let Q be a P-primary ideal of the ring R. Then Y = Spec(R/Q) is a subscheme of Spec(R) whose
support is the same as that of the subvariety X associated to P . If Q is a Noether strongly primary ideal of R of
exponent N , it is clear (and surely well-known) that the N − 1’st-order infinitesimal neighborhood XN−1 of X is the
lowest order infinitesimal neighborhood of X that contains Y . Now suppose instead that Q is a uniformly primary
ideal of R of order N . Then it follows from Proposition 8 that N is the maximum order of nilpotency of any nilpotent
regular function on Y .
(b) Let R = K [T1, T2, . . . , Tm], where K is a field and {T1, T2, . . . , Tm} is a set of indeterminates over K . Let Q
be a Noether strongly P-primary ideal of R of exponent N . If f is a nilpotent regular function on Y = Spec(R/Q),
then it must vanish on the subvariety X associated to P . Hence all derivatives of f N up to order N − 1 must vanish
on X , since every term of such a derivative has f as a factor. But this means that f N vanishes on the N − 1’st-order
infinitesimal neighborhood XN−1 of X , and thus on Y . This gives a geometric interpretation of Proposition 3. If K
has positive characteristic, then there may exist a lower power n such that requisite derivatives of f n vanish for all
nilpotent f , resulting in a situation where the order is strictly less than the exponent, as in Example 6. If, on the
other hand, K has characteristic zero, Theorem 10 yields the following geometric statement: The maximum order of
nilpotency of any nilpotent regular function on Y is N if and only if the lowest order infinitesimal neighborhood of X
containing Y is XN−1.
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